The stall-delaying properties of the humpback whale flipper have been observed and quantified in recent years, through both experimental and numerical studies.
Introduction
For some time now it has been observed that the humpback whale (Megaptera novaeangliae) is highly maneuverable and, despite its large size, is able to execute tight under-water rolls and loops when pursuing prey. In view of this fact, Fish and Battle [1] undertook a detailed study to understand better the morphology of the whale's flipper. They were amongst the first to elaborate on the hydrodynamic significance of protuberances (or undulations) that can be seen along the leading edge of the flipper. It was suggested that they may act as a passive flow-control device, delaying the stall angle. A proposed mechanism similar to that of vortex generators or strakes was suggested, whereby the boundary-layer is re-energised by momentum transfer from the freestream.
After this early morphological investigation, several studies attempted to demonstrate the feasibility of leading-edge undulations as passive flow control devices for wings, to quantify the magnitude of any benefit that they may offer. Miklosovic et al. [2] performed wind-tunnel measurements on an idealised flipper model, both with and without undulations. They reported a delay in the stall angle of around 40%, with higher post-stall lift and lower post-stall drag. Johari et al. [3] performed an experimental study on infinite or quasi-two-dimensional wings (i.e. where wing-tip effects are eliminated) with sinusoidal undulations covering a range of amplitudes and wavelengths.
The authors observed a slight reduction in pre-stall aerodynamic performance, but noted that in the post-stall regime, the lift was up to 50% higher than the baseline case without undulations.
Similar findings were later reported by Hansen et al. [4] , in which wind tunnel measurements were conducted on various undulating geometries. They observed significant performance enhancement across a broad range of geometric parameters. Significantly, the eventual stall of the undulating wing was gradual, as opposed to the baseline unmodified wing in which a dramatic and sudden loss in lift is experienced at stall.
Several attempts have been made to elucidate the physical mechanisms by which the undulations offer their benefit. Miklosovic et al. [5] experimentally investigated the effect of undulations on the formation of wing-tip vortices by comparing a quasi-two-dimensional configuration against a fully three-dimensional one. The study was motivated by the hypothesis that the undulations may gain their performance benefit by increasing the effective span of a finite wing by diminishing the spanwise flow component, thereby reducing the losses associated with the wing-tip vortex. In their preliminary findings, the authors observed a significant performance decrease for the quasi-2D model relative to their 3D one, leading to the proposal that the wing-tip effect is indeed significant. It must be noted, however, that the operating Reynolds number for the full-span case was less than half that of the finite span. Stanway [6] later performed PIV measurements around a finite wing with protuberances, in which a strong sensitivity of the performance enhancement to the flow Reynolds number was observed, thereby casting doubt over the proposed significance of the wing-tip vortices. Finally, Hansen et al. [4] , demonstrated that both three-dimensional and quasi-two-dimensional configurations offered similar qualitative characteristics in the lift curve, further indicating that the wing tip effect is not as significant as originally thought.
The hypothesis that the undulations may act in a similar way to vortex generators was advanced by Miklosovic et al. [2] , Fish and Lauder [7] , Fish et al. [8] , and Zhang et al. [9] . However, van Nierop et al. [10] point out that, since the wavelength and amplitude of the undulations is significantly greater than the boundary layer thickness, the mechanism must be different from that of conventional vortex generators as defined in e.g. [11] . The authors of [10] go on to develop an analytical model (with empirical inputs) of the undulating wing, and propose a mechanism whereby separation is delayed behind chord peaks due to a non-uniform downwash, which reduces the effective angle of attack behind the peaks. Further, the authors observe that since the chord length is lower behind a trough (compared with the peaks), the streamwise pressure gradient must be greater there. Separation is therefore initiated in the region behind the troughs, and the flow in the regions behind the peaks remain attached for longer distances.
There have been a number of attempts at modelling this flow numerically. One of the first such efforts was conducted by [12] using a panel method. However, due to the inviscid approximation inherent in the panel method, flow separation cannot be predicted, and little light could be shed on 3 the complex flow physics. Yoon et al. [13] conducted a computational study of a low aspect-ratio wing with varying coverage by the undulations (i.e. a portion of the leading edge close to the root was left straight). They employed a steady-state CFD solver, and used a Reynolds-averaged turbulence closure (k − ω SST). The authors observed that, as a greater portion of the wing's leading edge was covered with undulations, the stall angle was lowered. However, under post stall conditions, the lift had recovered, and increased coverage by the undulations ultimately led to increased performance. Recently, Xingwei et al. [14] performed a Reynolds-averaged study of wings with a sinusoidal leading edge during forward flapping and gliding flight. Webber et al. Favier et al. [17] conducted direct numerical simulations of an undulating geometry at low Reynolds number. A parametric study was performed on the undulation's geometric parameters, covering a range of wavelengths and amplitudes. While the authors observed a peak drag reduction of 35%, the lift was also reduced relative to the baseline unmodified case for all configurations.
This result is likely to be a consequence of the low flow Reynolds number considered (several orders of magnitude lower than that observed in nature, and lower than that required for transition to turbulence). In the study, a Kelvin-Helmholtz-like instability, driven by the spanwise modulation of the streamwise velocity component by the undulations, was identified. It was reasoned that this instability generates rolls of vorticity emanating from the undulation site. The rolls, initially vertical, are tilted into the streamwise direction. The vortices increase aerodynamic performance by acting on boundary-layer separation and promoting attachment.
While some insight has been gained into the principal flow mechanisms, a detailed flow physics investigation has not been provided thus far, especially under turbulent conditions. Specifically, while the performance benefit has been quantified in terms of the integral quantities for a range of different wavelengths and undulation amplitudes [4] , the effect of these parameters on the flow physics is unclear. While it is generally accepted that the undulations induce a vortex system, the The aim of the present study is to take a step towards a deeper understanding of a mechanism that can bring significant aerodynamic benefits. By exploring the flow-physics for a single configuration with an unprecedented level of detail, we have uncovered a flow mechanism that may be responsible for the performance gain reported in a number of studies. The present study is carried out via highly-resolved Large Eddy Simulations (LES) of the flow, both with and without sinusoidal leading-edge undulations. In both cases, the flow Reynolds number based on mean chord length and bulk velocity is 120, 000, and the incidence angle is 20 • . An improved understanding of the flow under these conditions is expected to be of direct relevance to the Unmanned Air Vehicle (UAV) industry, as well as for wind turbines and fans, all of which operate at a similar Reynolds number. In addition, studies of this nature provide an important benchmark for the assessment of more industrial turbulence modelling approaches, which may then be used to extend the parameter space to higher Reynolds number.
In the following, we will first describe the numerical model. Then, after validating the results by comparison to data in the literature, we discuss the physical mechanisms that characterise the behavior of the wing at high angle-of-attack. This is followed by conclusions and recommendations for future work.
Numerical approach
The filtered incompressible Navier-Stokes equations govern the flow dynamics:
where an overbar denotes a filtered variable, and τ i j is the residual stress tensor. The filtering operation is performed implicitly by the mesh.
Equations 1 are closed via an eddy viscosity model [18] ;
where S i j is the resolved strain rate tensor, S = 2S i j S i j , and ∆ is the local filter width, taken as
is set dynamically according to the Germano-Lilly procedure [19, 20] . For further information on LES for incompressible flows, the reader is referred to [21] .
The governing equations are discretised via the finite volume method. The space discretisation is based on a second-order accurate central finite volume method. The equations are advanced in time via a second-order semi-implicit method, by treating the advective terms with an Adams-Bashforth scheme and the viscous ones through the implicit Crank-Nicholson method. The timestep size is set to yield a maximum global Courant number around 0.6. Pressure-velocity coupling is achieved via the PISO algorithm [22] .
The discretised equations are advanced in time using the OpenFOAM package until first and 6 second order statistics are fully converged. After the initial transient, data gathered over 400 dimensionless time units (defined as t ′ ≡ Ut/c, where U is the bulk velocity, t and t ′ are the physical and dimensionless times respectively, and c is the mean chord) is sufficient to attain converged statistical quantities.
Geometry and mesh Figure 1 shows the characteristic undulating leading-edge wing geometry considered in this study.
A NACA 0021 wing section is employed and is set at an angle of attack of 20 • ; a post-stall condition. The chord length for the undulating cases varies as:
where A is the amplitude of the undulation, λ is the wavelength of the undulation, and z is the spanwise ordinate. For the case considered here, we use A = 0.015c and λ = 0.11c, corresponding to a case considered experimentally in [4] . The flow over the baseline unmodified NACA 0021 profile is also computed for comparison.
Meshes comprising around 3.5 × 10 7 cells have been used, with around 150, 000 cells in each xy-plane. All meshes are of block-structured hexahedral topology, with a 'C-shape' grid being wrapped around the wing. The same mesh density in the xy-plane is employed throughout the span, with the mesh being smoothly adjusted to conform to the contour of the geometry at the undulation site. Near-wall cells are placed at y + < 1 everywhere, with the grid stretching in the wall normal direction not exceeding 5%. Figure 2 shows the grid spacing in wall units for the undulating geometry behind both the chord maxima and minima, from which it is apparent that the present LES is very well resolved near the wall.
The computational domain reaches 10c upstream of the leading edge, and 15c downstream of the trailing edge. Lateral boundaries are placed 15c from the wing, while the spanwise extent is set to 0.44c (corresponding to four wavelengths of the undulation). We compute the two-point spanwise-orientated vortices that are created in the separation region and periodically shed. One such vortex is shown, for the unmodified geometry, in Figure 5 . It can be seen that its scale is much larger than that of the turbulence. The inset shows contours of spanwise vorticity near the vortex in an xy-plane. The positive spanwise vorticity corresponds to the counter-rotating motion generated in the recirculation zone.
To ensure sufficient extent in the periodic spanwise direction, tests with a reduced span (half of the original one) were conducted. Similar turbulent shear stress profiles (Fig. 6 ), and almost indistinguishable mean velocity profiles (Figure 7) were obtained from the two domain sizes. For the unmodified geometry, the difference in mean force coefficients between the two domain sizes were less than 0.5% , while for the modified geometry, there was no measurable difference in mean force coefficients. All subsequent results presented herein have been obtained with the larger span (4λ).
Boundary conditions
A uniform velocity is applied at the inlet, with zero free-stream turbulence. Lateral boundaries are modelled as slip walls. At the outlet, a zero pressure condition is employed, while periodicity is applied in the spanwise direction. The wing surface is modelled as a non-slip wall with zero surface-velocity and a zero gradient condition in the wall-normal direction for the surface pressure. No special treatment is required at the wall since the grid is sufficiently fine to resolve 
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Ref. [4] , Re = 120, 000 ∼ 0.72 ∼ 0.28 Present study, Re = 120, 000 1.03 0.13 fully the boundary layer, and the dynamic sub-grid model gives the correct asymptotic behaviour approaching a solid surface without the need for damping functions. [19] .
Results

A. Comparison against experimental data
Presented in Table 1 and Figure 8 are experimental values of the integral quantities (lift and drag coefficients) from comparable experimental studies available in the literature. The baseline lift coefficient obtained in the present study lies well within the range indicated in [23] at two different Reynolds numbers (one above, one below). Assuming a linear variation in the lift at fixed incidence between the two available bounding Reynolds numbers (Re = 83, 200 and Re = 176, 000), a value C l ≈ 0.65 may be expected at Re = 120, 000. This is in good agreement with the present value of 0.64. Agreement with the baseline lift coefficient obtained in [4] was less satisfactory, showing a ∼ 15% discrepancy. The difference between the results of [4] and [23] for this case indicates a strong sensitivity of the stall angle to external conditions. The authors of [4] point out that the increasing lift slope observed in Figure 8 could be due to the presence of a laminar separation bubble, which acts to increase the effective camber of the wing. The same feature is a potential cause of the early stall relative to [23] .
One key difference in the conditions of [4] relative to the present study lies in the free-stream turbulence levels. In [4] , a free-stream turbulence intensity of ∼ 0.8% is reported, while in our case it is laminar. Blockage effects by the lateral and transverse boundaries are also different; however, preliminary studies conducted over a smaller domain (not presented), suggest the effect is likely to be small. Further work is required in order to determine the cause of any discrepancies.
B. Aerodynamic performance Figure 9 shows the time history of lift and drag coefficient for both the undulating and baseline cases. The undulating geometry offers a significant gain in the performance of the wing relative to the baseline. It is is clear that the undulating modifications act to remove much of the unsteadiness from the flow, since the variance in the force coefficients is reduced. This result is particularly important for applications where noise suppression is desired.
From the instantaneous lift, we proceed to compute its power spectra, shown in Figure 10 .
The output frequency is scaled by the bulk velocity and mean chord giving a Strouhal number,
S t = f c/U ∞ . We note that, for the unmodified case, there is a dominant frequency at S t ≈ 0.6.
If this is scaled by the projected chord in the streamwise direction (c · sin(α)) rather than c, the resulting Strouhal number is approximately 0.21, typical of bluff-body vortex shedding.
For the modified geometry, a broadband peak is observed, from S t ≈ 0.4, and tapering off around the frequency of the second harmonic for the unmodified case. This suggests the vortex shedding is made less coherent; it occupies a band of frequencies rather than being monochromatic.
This lack of synchronisation in the shedding leads to the lower amplitude of fluctuations observed in Figure 9 . Figure 11 shows an iso-surface of zero mean streamwise velocity, which is indicative of the size of the separated region. The unmodified case is also presented for comparison. It is apparent from the figure that the size of the recirculation region for the undulating case is dramatically reduced, and that separation is delayed relative to the unmodified geometry. It can also be seen from the figure that the flow separation is delayed behind peaks to a greater extent than behind the valleys. This is in qualitative agreement with earlier findings in the literature [4, 10] . The reduced size of the separation region explains the improved aerodynamic performance.
C. Physical mechanism behind performance gain
The undulations promote new physical mechanisms, responsible for the reduction and stabilisation of the recirculation region, and thus the performance enhancement. Initially the oncoming flow is deflected by the leading-edge geometry such that the bulk of the flow is redirected behind the chord minima (see Figure 12 ). This deflection leads to a strong acceleration behind the minima, and consequently forms an enhanced suction peak (relative to the region behind the maxima). The resulting span-wise pressure gradient is apparent from both Figures 12 and 13 . Low inertia nearwall fluid is drawn towards the suction peak, resulting in the formation of secondary flow, shown in Figure 14 (here streamlines are regenerated relative to Figure 12 to highlight the secondary flow); significantly, the low-inertia boundary-layer fluid that is transported away by this secondary flow is replaced by higher momentum fluid, drawn from above. This re-energises the boundary-layer behind each chord peak, delaying separation. The re-energisation of the boundary-layer is apparent from plots of the skin friction coefficient, C f ≡ τ w /(0.5ρU 2 ∞ ) ( Figure 15 ) which show high shear stress (relative to the unmodified geometry) over an extended region behind the chord peak.
For the region behind the chord minima, flow separation initially occurs close to the leading edge (see e.g. Figure 15 , where separation is apparent from the negative skin friction at x/c ≈ 0.02 behind the trough). This is a consequence of the strong adverse pressure gradient there, which in turn is caused by the combination of the aforementioned suction peak, and the reduced local chord length. However, due to the large local velocity gradients in this region, turbulent production is high (see Figure 16 ) and flow instabilities that lead to the onset of transition to turbulence occur in the separated shear-layer (apparent from plots of turbulent kinetic energy - Fig. 17 , and from isosurfaces of the second invariant of the velocity gradient tensor - Fig. 18 ). The resulting momentum transfer due to the turbulent mixing causes this separated shear layer to reattach at x/c ≈ 0.12 behind the trough, at which point the flow bifurcates into a small laminar separation bubble, and a newly energised boundary layer upstream and downstream of the reattachment point respectively.
Of key significance here is that the boundary-layer is re-energised across the span, but by different mechanisms, and to differing extents, at different spanwise locations -by a secondary flow behind the peaks, and by turbulent mixing behind the troughs.
It can be seen from Figure 18 that for the modified geometry, flow instabilities occur a short distance behind each trough, while laminar flow persists further downstream behind the peaks.
This is a result of the elevated turbulence production behind the trough, and a reduction in the production term behind the peaks (See Figure 16 ). The strong spanwise variance in the strength of the production term is a direct consequence of a large variance in the local velocity gradients, which ultimately arise due to the aforementioned flow deflection by the geometry, resulting in a non-uniform flow acceleration across the span. Slices of streamwise vorticity plotted in Figure 19 provide insight into the locality of these large spanwise gradients and indicate the rate at which the vorticity generated close to the wall spreads across the entire span, feeding into the separated flow region. Figure 19 shows evidence of streamwise vortices that inject high momentum fluid from above into the boundary layer behind the peaks.
An overview of the suction-side surface-flow is provided by Figure 20 which shows the timeaveraged wall shear-stress lines. A sketch is also provided, indicating the flow direction, in addition to separation and reattachment lines. The main separation line (i.e. not that of the small laminar separation bubble), displays strong spanwise variance in its streamwise ordinate. This is partially a consequence of the flow behind the chord maxima benefiting from the re-energisation by the secondary flow, as well as the subsequent re-energisation due to transition. Conversely, for the region behind the minima, only the latter mechanism is active. In addition, the relative strength of these re-energisation mechanisms is not the same. Consequently separation is further delayed behind the chord maxima relative to the minima. Shear flow along this separation line generates a large vortex system, which in turn induces a complex 3D flow field. The vortices transport momentum in the spanwise direction, thereby regulating the shape of the separation region across the span (though their strength is fairly weak, so this effect is small).
Conclusion
Highly resolved LES simulations are presented for the flow over a NACA 0021 wing with leading edge undulations. An undulation amplitude of 1.5% chord and a wavelength of 11% chord has been considered. For this case, a 58% increase in mean lift and a 59% decrease in mean drag is observed, relative to the baseline geometry. The improved performance is due to a reduction in the size of the separated flow zone (relative to that of the standard NACA 0021 wing), thereby yielding a superior aerodynamic form. A reduction in the variance of the force coefficients is also observed for the modified geometry, which is important for applications where acoustic noise is to be minimised.
The mechanisms by which the size of the separation zone is reduced have been explored.
The undulations induce a strong spanwise pressure gradient, which leads to the formation of a secondary flow. Low-inertia, near-wall fluid is transported away by the secondary flow, while high momentum fluid is drawn from above, ultimately leading to re-energisation of the boundary layer behind the chord peaks and a delay in flow separation. Additionally, strong flow acceleration between undulation peaks augments turbulence levels, with the enhanced turbulent transfer of momentum further re-energising the boundary layer.
The relative strength of these re-energisation mechanisms (turbulent momentum transfer versus the transfer of momentum by the secondary flow) must be a function of the geometric parameters of the undulation, as well as the flow Reynolds number; in the limit of zero undulation amplitude or infinite wavelength, there is no secondary flow since the geometry reduces to the baseline case. In this limit, the only active mechanism could be the turbulent momentum transfer (which is insufficient on its own to reattach the flow under the present conditions, as can be seen from the baseline results). Similarly, when exploring the influence of Reynolds number, at very low Reynolds number there would be no transition to turbulence, meaning the only active mechanism would be the re-energisation by the secondary flow, while at significantly higher Reynolds number than that considered here, transition would occur closer to the leading edge, and more uniformly across the span. A detailed investigation of these parameters is left as future work.
Some differences are observed between the presently computed lift force and those reported experimentally, although there is sufficient uncertainty in the reproduction of the wind tunnel conditions at this Reynolds number. While it is anticipated there may be sensitivity of the flow to the level of free stream turbulence, we do not include inlet turbulence in these calculations. Despite these differences we anticipate that the insight into the beneficial flow physics induced by the leading edge undulations will hold, although such investigation is left as a future work. [22] (Re=83,000) unmod [22] (Re=176,000) unmod [4] (Re=120,000) bumps [4] (Re=120,000) unmod LES (Re=120,000) bumps LES (Re=120,000) Figure 17 . Time-averaged turbulent kinetic energy, k, for unmodified (blue) behind peak (red) and behind trough (green). Profiles taken 0.1c from one another, starting at x/c = 0.1. 
